We develop a first-order description of spatio-temporal distortions in ultrashort pulses using normalized parameters that allow for a direct assessment of their severity, and we give intuitive pictures of pulses with different amounts of the various distortions. Also, we provide an experimental example of the use of these parameters in the case of spatial chirp monitored in real-time during the alignment of an amplified laser system.
Introduction
Ultrashort-pulse lasers are carefully designed to generate the shortest possible pulses, as this is highly desirable in most experimental situations, from micro-machining to multi-photon microscopy [1, 2] . Unfortunately, in propagating through materials, different frequencies ω experience different group delays τ (ω), so all transmissive optical components broaden and chirp pulses. Fortunately, pulse compressors can compensate for this group-delay dispersion (GDD) [3] . But, in order to operate, pulse compressors (as well as shapers and stretchers) deliberately rely on an array of spatio-temporal distortions, which include angular dispersion, spatial chirp, pulse-front tilt, and angular delay, to name a few. While in theory perfect alignment of a compressor guarantees that the output pulse is free of any of these distortions, in practice residual distortions are often present.
Fortunately, measurement techniques for temporal chirp have been available for decades [4] [5] [6] , but convenient diagnostics for most spatio-temporal distortions are just now becoming available [7] [8] [9] [10] [11] . As a result, while pulse chirp is well understood, the various spatio-temporal distortions that can occur in ultrashort pulses are not so well understood. Such distortions are as detrimental to experiments as chirp, especially when the pulse is focused onto a sample [12] . So an understanding of them is critical. And such an understanding must begin with a common language with which to discuss them.
Unfortunately, such a language does not currently exist. Consider, for example, the case of spatial chirp. Spatial chirp is a coupling between x and ω and corresponds to a variation of the beam center vs. frequency that can be characterized by the derivative dx/dω (called spatial dispersion) to first order. But spatial chirp may equally well be described by a variation in the center frequency vs. position, and hence the derivative dω/dx (called frequency gradient), and these two derivatives are not reciprocal [13] . To further complicate matters, some authors use the frequency υ rather than the angular frequency ω [14] , and others prefer the wavelength λ . As a result, spatial chirp measurements alone can be reported using six different derivatives, all with different units. Worse, it is difficult to estimate the severity of spatial chirp from any of these quantities, and how much -or how little -it may eventually affect the performance of an ultrafast system. The cases of pulse-front tilt, angular dispersion, and angular delay are similar. To first order they can be described, respectively, by the derivatives dt/dx, dk x /dω, and dk x /dt. Or they can be described by the several additional analogous definitions. Thus studies of other spatio-temporal distortions suffer from the same problems.
In this paper we propose an intuitive formalism to describe spatio-temporal distortions. Rather than using first-order derivatives, we rely on normalized correlation parameters that we recently introduced in the context of perfect Gaussian pulses and beams [15] . We also show that such normalized parameters are well adapted to experimental situations where the spatio-temporal distortions of pulses and beams of arbitrary profiles must be minimized in real time.
paper. We consider first (horizontal) spatial chirp, a coupling in the x-ω domain. Generalization to the other spatio-temporal couplings, namely pulse-front tilt, angular dispersion, and angular delay, is immediate by considering the x-t, k x -ω and k x -t domains. Extension to the y coordinate is also immediate.
We call I(x,ω) ≡ |E(x,ω)| 2 the (spatio-spectral) intensity distribution of the pulse, where x and ω are measured with respect to the beam center and the carrier frequency (that is, have the mean position and mean frequency subtracted off). The intensity I(x,ω) is normalized such that its integral over space and frequency is 1. We now define the normalized spatial chirp parameter 
Analogous quantities can be defined for the other first-order spatio-temporal distortions (see section 5).
This definition of spatial chirp as a linear correlation coefficient is applicable to pulses of arbitrary profiles [16] , and is consistent with the frequency gradient dω/dx and spatial dispersion dx/dω parameters introduced in Ref. 15 for Gaussian pulses, in the sense that:
Note that since ρ xω is calculated from |E(x,ω)| 2 , it does not include a coupling between x and ω that may appear in the phase of E(x,ω). This coupling essentially amounts to angular dispersion [15] , and is treated in section 5.
There are numerous properties of this correlation coefficient that make it an attractive choice from a practical point of view:
It is an extension to arbitrary pulses and beams that is consistent with previous definitions of frequency gradient and spatial dispersion. (2) It is symmetric: when I(x,ω) is recorded using a camera, it does not matter whether the position axis is vertical and the frequency axis horizontal, or vice-versa. (3) It is scale-invariant: except for a possible change of sign, it is unaffected by the transformations
. Thus, beam magnification does not affect the result. An important practical implication is that experimental trace need not be calibrated: the variables x and ω can represent pixel numbers on a camera, and not necessarily physical quantities with proper units. (4) It is a dimensionless number. (5) Because ρ xω can be identified with the linear correlation of the joint distribution I(x,ω) [16] , it is even possible to show that:
Conveniently, ρ xω = 0 corresponds to the absence of the distortion to first order, while an increased value of |ρ xω | indicates an increase in the magnitude of spatial chirp (see Fig. 1 ). (7) The sign of To see that the last statement is true, consider a collimated beam with an initial circular beam profile going through an optical device that introduces spatial chirp in the x direction (for example, a misaligned stretcher). We take the input beam to have the same size in the x and y directions: I(x,ω) . In addition, note that if spatial chirp results in a spatial broadening of the beam, and therefore in an elliptical beam, it also results in a temporal broadening of the pulse, because of the decrease of available bandwidth at each point x in the beam. Thus, in the presence of spatial chirp, the duration of a pulse with a flat spectral phase does not reach its Fourier limit, as can be clearly seen on Fig. 1(d) .
As a side note we would like to point out that the correlation parameter ρ xω -and more generally any correlation coefficient ρ that appears in this paper -is very sensitive to small amounts of spatio-temporal coupling, but saturates to a near-unity value for extremely large amounts of coupling (this situation is explored in more details in section 5).
Experimental determination of ρ xλ and ρ yλ
We now present a simple arrangement (Fig. 2) that we used to measure the intensity distributions I(x,λ) and I(y,λ), and we show how to calculate ρ xλ and ρ yλ from experimental data.
The beam under test is first dispersed in the horizontal plane by a diffraction grating G 1 , and the diffracted order m 1 = 1, focused by a cylindrical lens, illuminates a digital camera. Simultaneously, the specular reflection (m 1 = 0) from G 1 is sent onto a second grating G 2 that disperses the beam vertically in a Littrow configuration so that all the beams of interest are contained in the same horizontal plane; the first order (m 2 = -1) of G 2 is focused by a second cylindrical lens and illuminates the same digital camera. By blocking the order m 1 = 1 from G 1 , the camera records I(x,λ), while by blocking the order m 1 = 0, the camera records I(y,λ). (1), as long as the integrals are replaced by discrete sums. As stated in section 2, it is not necessary to calibrate the axes of the digital camera: x, y and λ can simply refer to pixel numbers. Additionally, we use the fact that the wavelength axis can be either horizontal or vertical. However, Eq. (1) does require that the function I(x,λ) be centered with respect to its axes. When pixel numbers are used, this is never the case, and therefore it is easier to rewrite Eq. (1) in the case of un-centered, discrete distributions. To do so, we first introduce the moments μ pq of the intensity distribution I(x,λ):
The spatial chirp parameter ρ xλ is then computed using the following equation, which is a convenient form of Eq. (1) that does not require the data I(x,λ) to be centered: Note that some devices are able to detect spatial chirp without the complete measurement of I(x,λ) [7] . In that case the spatial chirp parameter ρ xλ may be calculated using Eq. (2) instead.
Because Eq. (7) involves sums on the entire image, it is likely to include various background effects, such as scattered light or thermal noise, that might affect the recorded image, in particular in regions where the intensity I(x,λ) is low. To mitigate these effects, it is desirable to apply a threshold to I(x,λ) before calculating ρ xλ , by setting to 1 any values of the intensity that are above a pre-defined threshold, and setting the others to 0 (see Fig. 3 for an example). As a simple alternative, it is possible to let the camera saturate a large portion of the trace, and only retain the saturated values (i.e., setting non-saturated values to zero) before applying Eq. (7). We found both methods to be consistent and equivalently robust to noise, and numerical simulations show that they yield the same result as a direct application of Eq. (7).
In summary, Eq. (6) and (7) are a simple, efficient and robust method to calculate ρ xλ . This procedure is extremely well adapted to data-processing computer programs like MATLAB, and allows easy monitoring of the spatial chirp in real time during the alignment of complex ultrafast laser systems.
Experimental results
We applied this method to monitor spatial chirp as we aligned a mode-locked Ti:Sapphire laser with an external pulse compressor seeding a chirped-pulse amplifier (CPA). The apparatus was set up as described above, and images were captured by a 1024×728 Firewire digital camera (Sony XCD-710) directly in MATLAB where the parameters ρ xλ and ρ yλ were calculated and displayed in real time. We should point out that, in this work, we chose to monitor spatial chirp as an example; of course, it is well known that spatio-temporal distortions from a stretcher or a compressor arise from residual angular dispersion [17] . However, as the pulse emerging from these devices propagates in free space, angular dispersion results in spatial chirp, and minimizing spatial chirp in the far field amounts to minimizing residual angular dispersion.
To ensure a proper alignment of the gratings and cylindrical lenses in the setup, we used a reference pulse that was spatially filtered using a single-mode fiber. We then monitored the values of spatial chirp along x and y as we aligned the system (Fig. 3) . Table 1 
Analogy with pulse broadening in dispersive media and extension to other spatiotemporal distortions
There is a perfect analogy between the effects due to dispersion, and those due to spatiotemporal distortions. The first-order cause of pulse broadening due to dispersion is often characterized by the group-delay dispersion, dτ/dω, although this can also be considered as a temporal variation of the instantaneous frequency ω inst at a constant rate dω inst /dt. In analogy with Eq. (2), it is possible to define a temporal chirp parameter 
The temporal chirp parameter ρ ω t can also be defined in a form similar to Eq. (1) by considering the Wigner distribution of the pulse I W (ω,t). As an example, consider a chirped Gaussian pulse with a bandwidth Δ ω and a group-delay dispersion dτ/dω: 
The Wigner distribution of this pulse is given by [18]: 
Conclusions
We have presented an intuitive description of various spatio-temporal distortions in terms of a set of normalized correlation coefficients. Spatial chirp, pulse-front tilt, angular dispersion and angular delay, and also temporal chirp, can all be described to first order by dimensionless parameters that vary in the range [-1,1] and readily indicate the severity of these distortions. These parameters are especially sensitive to small amounts of distortion. We also presented a simple, practical apparatus allowing the real-time monitoring of the corresponding spatial-chirp parameters ρ xλ and ρ yλ ,. We believe that these parameters will help better understand spatio-temporal distortions and their consequences, and will be used as a benchmark enabling the comparison of the performance of ultrafast lasers.
